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Note: Notation and terminology are understood to be as used in class. State
clearly the results you are using in your answers.

1. ( 15 marks ) Let (Ω,F , µ) be a Boolean measure space; let µ∗ de-
note the corresponding outer measure. If µ∗(E) = 0, show that E is
µ∗−measurable.

2. ( 15 marks ) Let f be a real valued function on a measurable space
(Ω,B). Show that f is measurable if and only if Er ∈ B for any rational
number r, where Er = {ω ∈ Ω : f(ω) ≤ r}.

3. ( 15 marks ) Let (Ω,B, µ) be a σ−finite measure space, and let f be
a nonnegative integrable function on it. Define λ(E) =

∫
E f(ω)dµ(ω)

for E ∈ B. Show that λ is a totally finite measure on (Ω,B).

4. ( 10 + 10 + 15 = 35 marks ) Let f be a real valued measurable function
on a σ−finite measure space (Ω,B, µ). For n = 1, 2, · · · define

fn(ω) =


−n, if f(ω) < (−n),

f(ω), if |f(ω)| ≤ n,
n, if f(ω) > n.

(i) Show that fn is a measurable function for each n.

(ii) If f is integrable with respect to µ, show that
∫

Ω f(ω)dµ(ω) =
limn→∞

∫
Ω fn(ω)dµ(ω).

(iii) If supn

∫
Ω |fn(ω)|dµ(ω) < ∞, show that f is integrable with re-

spect to µ.
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